In this paper we show that the convergence of complete Kähler-Einstein hypersurfaces in complex torus in the sense of Cheeger-Gromov will canonically degenerate the underlying manifolds into "pair of pants" decomposition. We also construct minimal Lagrangian tori that represent the vanishing cycles of the degeneration.
Introduction
According to the conjecture of Calabi, on a complex manifold X with ample canonical bundle K X , there should exist a Kähler-Einstein metric g. Namely, a metric satisfying Ric g = −ω g , where ω g is the Kähler form of the Kähler metric g. The existence of such metric when X is compact was proved by Aubin and Yau ([23] ) using complex Monge-Ampère equation. This important result has many applications in Kähler geometry. Starting with this important result, Yau initiated the program of applying Kähler-Einstein metrics to algebraic geometry ( [20] ). It was realized by him the need to study such metrics for quasi-projective manifolds ( [21] ) and their degenerations. The original proof of [23] was a purely existence result. Later the existence of C 1 (X) < 0 Kähler-Einstein metrics was generalized to complete complex manifolds by Cheng and Yau ([5] ), where other than existence the proof also exhibits the asymptotic behavior of the Kähler-Einstein metric near the infinity boundary.
Since Kähler-Einstein metric is canonical for a complex manifold, one would expect its structure to be closely related to the topology and complex geometry of the manifold. In this work we will explore one such relation between the convergence of Kähler-Einstein manifolds in the sense of Cheeger-Gromov and the algebraic degeneration of the underlying algebraic manifolds.
From algebraic geometry point of view, when discussing the compactification of the moduli space of complex manifold X with ample canonical bundle K X , it is necessary to consider a holomorphic degeneration family π : X → B such that X t = π −1 (t) are smooth except for t = 0, and such that the canonical bundle of X t for t = 0 as well as the dualizing sheaf of X 0 are ample line bundles. Such degeneration will be called canonical degeneration.
For t = 0, the works of Aubin and Yau imply the existence of a unique Kähler-Einstein metric g t on X t . For t = 0, assume the central fibre
Under certain conditions, the work of Cheng and Yau implies the existence of a complete Kähler-Einstein metric g 0,i on each
It is interesting to understand the relation between g t for t = 0 and the collection of complete g 0,i 's. Such understanding will provide structure results on the Kähler-Einstein metric g t (which was only known to exist previously) based on the structure of g 0,i 's. Extending Yau's program, G. Tian made the first important contribution (in [17] ) in this direction. He proved (in [17] ) that the the family of Kähler-Einstein metrics g t on X t is convergent in the sense of Cheeger-Gromov to the complete Kähler-Einstein metric g 0 = {g 0,i } l i=1 on the smooth part of X 0 under the following three assumptions: (1) . the total space X is smooth; (2) . the central fibre X 0 = l i=1 D i has only normal crossing singularities; (3) . any three of the D i 's have empty intersection. Following Tian's framework authors of [6] and later [11] improved Tian's result by removing assumption (3) . Notice that for most natural examples of canonical degeneration, the total space X is not smooth, and there are a lot of canonical degeneration singlarities that can not be reduced to normal crossing case. Therefore, there are very few natural examples beyond the curve case where the normal crossing results ( [17, 6, 11] ) apply.
One of the main purpose of this work is to find interesting concrete global examples, where the theory of the degeneration of Kähler-Einstein manifolds applies. More specifically, we will discuss convergence of complete Kähler-Einstein hypersurfaces in complex torus in the sense of Cheeger-Gromov. In the situations we are interested, the central fiber X 0 of the underlying algebraic degeneration is almost never normal crossing globally. In fact, the underlying algebraic degenerations are naturally toroidal canonical degenerations. In [12] , we generalized result and method in [11] to the case of simple toroidal degeneration. Methods developed in [12] will enable us to deal with degeneration discussed in this paper. Notice that the large class of natural examples discussed in this paper concern convergence of complete Kähler-Einstein manifolds with finite volume. In [15] , we will discuss another large class of natural examples concerning convergence of complete Kähler-Einstein manifolds with infinite volume.
The examples discussed in this paper are inspired by our previous work [10] concerning amoeba-like degeneration phenomenon that was first discovered by Viro [19] in his work of curve patching. This original idea of Viro has many interesting applications in very diverse fields. For example, it was applied by Mikhalkin [7] to real algebraic curves, by Sturmfels [16] to solving algebraic equations and by our previous work [10] to mirror symmetry. From (symplectic) topology point of view, [10] and [8] indicate that complex hypersurfaces in complex torus admit "pair of pants" decomposition induced by such degeneration in term of singular (Lagrangian) fibration. Our current work (theorem 5.2) will show that the convergence of the corresponding canonical Kähler-Einstein hypersurfaces in the sense of Cheeger-Gromov will canonically degenerate the underlying manifolds into "pair of pants" decomposition. This result brings yet another interesting relation between the Kähler-Einstein metric and the complex, symplectic geometry and topology of the underlying manifold.
Another main objective of this paper is to find interesting examples of minimal Lagrangian submanifolds in Kähler-Einstein manifolds with negative first Chern class. Such minimal Lagrangian submanifolds were first discussed in [1] . Up to now, most known examples of such minimal Lagrangian submanifolds are either the fix point set of an anti-holomorphic automorphism of the Kähler-Einstein manifold or explicit local examples. In our opinion, such minimal Lagrangian submanifolds arise most naturally as the vanishing cycles of degeneration of Kähler-Einstein manifolds with negative first Chern class. In [14] , we developed deformation techniques to construct such minimal Lagrangian vanishing cycles in general. Applying techniques from [14] , we are able to represent the vanishing cycles of the degeneration discussed in this paper by minimal Lagrangian tori in the corresponding Kähler-Einstein hypersurfaces (theorem 7.2).
Convention of notations:
(1) When we use g t to denote a Kähler metric, we will automatically use ω t to denote the corresponding Kähler form and vice versa. (2) When the Kähler potential is log[V t /(Ω t ∧Ω t )] for volume V t and some holomorphic section Ω t of K Xt , since the Kähler metric is independent of the choice of Ω t , by slight abuse of terminology, we will call the Kähler potential the logrithm of the volume form V t and denote by log V t . (3) By A ∼ B, we mean that there exist constants 2 Background from Riemannian geometry Notations in this section will not extend to other sections of this paper. Results in this section are all well known basic facts from Riemannian geometry. We present them here due to our failure to find a source that is written in a convenient enough form for us to quote from.
Let (X, g) be a Riemannian n-manifold, and {v i } n i=1 be vector fields that form a frame field. Let α i be the dual 1-form fields, and
be another frame field and w i = b A Riemannian manifold (X, g) is said to have C ∞ -bounded curvature if the curvature of (X, g) and all its covariant multi-derivatives are bounded. A smooth tensor T on a Riemannian manifold (X, g) with C ∞ -bounded curvature is called C ∞ -bounded with respect to (X, g) (or C ∞ g -bounded) if T and all its covariant multi-derivatives are bounded. We have , where denominators can only be powers of det(g ij ). Consequently, the curvature of (X, g) and all its covariant multi-derivatives can be expressed as rational functions of a k ij , g ij and their multi-derivatives with respect to {v i } n i=1 , where denominators can only be powers of det(g ij ). Therefore, when
Notice that the difference of a covariant multi-derivative of T and the corresponding multi-derivative of T with respect to {v i } n i=1 will be a bilinear combination of (connection coefficients Γ k ij and their multi-derivative with respect to {v i } n i=1 ) and (lower order multi-derivative of T with respect to {v i } n i=1 ). By induction, we get the second part of the proposition.
, g has C ∞ -bounded curvature and g ′ is C ∞ -bounded with respect to g.
and only if for any point x ∈ X, there exists a frame field {v i } n i=1 on a neighborhood U x of x that is proper with respect to both g and g ′ . A smooth tensor T on X is C ∞ -bounded with respect to g if and only if T is C ∞ -bounded with respect to g ′ .
is a proper frame field with respect to g. Then det(g 
is a proper frame field with respect to g ′ .
Conversely, if {v
is proper with respect to both g and g ′ , then g is quasiisometric to g ′ and both g and g ′ have C ∞ -bounded curvature (proposition 2.2). Further more, by proposition 2.2, g ′ being C ∞ g ′ -bounded implies that g ′ and all its multi-derivatives with respect to the proper frame {v i } n i=1 are bounded with respect to
By proposition 2.2, T on X is C ∞ -bounded with respect to g if and only if T and all its multi-derivatives with respect to {v i } n i=1 are bounded if and only if T is C ∞ -bounded with respect to g ′ .
Proposition 2.4 C ∞ -quasi-isometry is an equivalence relation.
Proof: The first part of proposition 2.3 implies that
By the second part of proposition 2.3, we have that g ′′ is also C ∞ -bounded with respect to g. Consequently, (X, g) is C ∞ -quasi-isometric to (X, g ′′ ).
Proposition 2.5 Assume that (X, g t ) are C ∞ -quasi-isometric to each other uniformly for different t near 0, and lim t→0 g t (x) = g 0 (x) for any x ∈ X. Then g t converge to g 0 on X in C k -topology on the space of Riemannian metrics as t goes to 0 for any k.
Proof: Since g t are C ∞ -quasi-isometric to each other uniformly for different t. For any sequence g t k with lim k→∞ t k = 0, there exists a subsequence g t k i that converges (necessarily to g 0 by the assumption of the proposition) in C k -topology on the space of Riemannian metrics as i goes to ∞ for any k. Consequently, g t converge to g 0 on F in C k -topology on the space of Riemannian metrics as t goes to 0 for any k.
Basic setting and estimates
Consider an integral convex polyhedron ∆ (in a rank l lattice M ) with a piecewise linear convex function w = {w m } m∈∆ . Let Z (Z top ) denote the set of (top dimensional) simplices in the simplicial decomposition of ∆ determined by a generic convex w. We have the family of complex hypersurface
Lemma 3.1 There exists a constant a > 0 such that for any x ∈ N C * the set
Proof: According to the definition of η m , it is easy to see thatw = {w m } m∈∆ equals to the piecewise linear convex function w = {w m } m∈∆ up to the adjustment of an affine function, wherew m = (log η m )/(2 log t) ≥ 0. Assume there is a subsetS ⊂ S x,a that forms a simplex not in Z. Since 0 ≤w m ≤ a for m ∈S, we may adjustw by an affine function so thatw m = 0 for m ∈S and
Generally, there exists a constant C 2 > 0 that only depends on the equivalence class of the strictly convex w modulo affine functions, such that inf m∈∆ w m ≤ −C 2 for any simplex S ∈ Z and adjustment of w by affine function (still denote by w) satisfying w m = 0 for m ∈ S. If we take a < C 2 /C 1 and S =S ∈ Z, we have a contradiction. Therefore S x,a is a simplex in Z.
Lemma 3.2 For any x ∈ N C * , there exists S x ∈ Z top with the filtration
Proof: Take S 1 = S x,a and t 1 = t a , lemma 3.1 implies that η m (x) ≥ t 1 for m ∈ S 1 and t 1 ≥ η m (x) for m ∈ ∆ \ S 1 . Assume the lemma is true up to k. Assume that η m (x) reaches maximum t k+1 at m = m k+1 for m ∈
. By induction, we get the desired filtration and S x .
Without loss of generality, we may normalize w so that w mi = 0 for 0 ≤ i ≤ l. Then by convexity of w, we have w m > 0 for m ∈ S. Without loss of generality, we may assume that a mi is in ascending order. Take coordinate z = (z 1 , · · · , z l ), where
We may identify m 0 to be the origin of M . Then
where (m 1 , · · · , m l ) is the coordinate of m with respect to the basis
Lemma 3.3 Each derivative of a term in the following
, for m ∈ ∆ \ S and j ∈ I m ; (3.1) 
The conclusion of the lemma is an easy consequence of these computations. Proof: When restricted to X t ,
On the other hand, using t wm z m = O(t a ) for m ∈ ∆ \ S, we have Proof: When restricted to X t , near x ∈ X t satisfying S = S x ,
is clearly a bounded smooth function of terms in (3.1). Since 1 ≥ |z 1 | ≥ C > 0 (lemma 3.4), by proposition 1.1, z 1 , 1 z1 , log z 1 and their complex conjugates are all bounded smooth functions of terms in (3.1). Let f be a bounded smooth function of terms in (3.1), then
The only term in W k (f ) that need comment is
This computation together with lemma 3.3 implies the desired result.
Corollary 3.1 Let f be a bounded smooth fuction of terms in (3.1) . Near x ∈ X t satisfying S = S x , f and its multi-derivatives with respect to {W j ,W j } n j=2
are bounded.
Proof: Since η m ≤ 1, by taking the constant κ > 0 small, we can ensure that a m ≥ C > 0. When S = S x , lemma 3.2 gives us the filtrations
. Hence there exists a C > 0 such that a mj ≤ Ca m . Consequently, the terms in (3.1) are bounded. By lemma 3.5, we get the desired results.
Construction and estimates of the approximate metrics
Let Ω be the canonical holomorphic volume form on N C * ∼ = (C * ) l . For any t and m ∈ ∆, we have s t /s m :
C )| Xt . {Ω t,m } m∈∆ are holomorphic sections of K Xt with at most logrithmic singularities at the infinity.
is an embedding that equals to the restriction to X t of the natural embedding
Let Y t = Image(i t ) and H = {z ∈ CP |∆|−1 : m∈∆z m = 0}. Then X t ∼ = Y t ∩H.
Y t has a natural set-theoritical limit
Choose the Fubini-Study metric ω F S on CP |∆|−1 , and definê
Then the Kähler potential ofω t is the logrithm of the volume form
where
Lemma 4.1 Near x ∈ X t satisfying S = S x , ω t is quasi-isometric to
Proof:
It is straightforward to verify the following:
Combine these, we get the desired conclusion. It is straightforward to check that the coefficients of ω t with respect to the basis {W j ,W j } n j=2 are all bounded smooth functions of terms in (3.1). By corollary 3.1, lemma 4.1 and proposition 2.2, we have that {W j ,W j } n j=2 is also proper with respect to ω t . Consequently, ω t is C ∞ -quasi-isometric to ω • S .
Proposition 4.2 The curvature of g t and its derivatives are all uniformly bounded with respect to t.
Proof: This is a direct consequence of propositions 4.1 and 2.2.
Proof: Notice that t wm z m = O(t a ) for m ∈ ∆ \ S. The first equality is obvious from the formula
The second equality is a direct consequence of
Assume e −φt = ω n t V t , we have
Proposition 4.3 |φ t | is bounded independent of t.
Proof: According to lemmas 4.2 and 4.1 and the definition of h t , we have
Therefore |φ t | is bounded independent of t.
Proposition 4.4
For any k, φ t C k ,gt is uniformly bounded with respect to t.
Proof: With proposition 4.3, it is straightforward to check that φ t is a bounded smooth function of terms in (3.1). Applying corollary 3.1 and proposition 4.1, we get the desired result.
As set-theritical limit of X t , X 0 generally has multiplicities. Let X 0 \Sing(X 0 ) = S∈Ztop X 0,S , where X 0,S ⊂ T S . There is a natural finite cover i 0,S = {s m } m∈S :
0,S (X 0,S ). We have the natural mapẽ 0 :X 0 → CP |∆|−1 such thatẽ 0 (X 0 ) = X 0 \Sing(X 0 ). For each S ∈ Z top , under the toric gauge w m = 0 for m ∈ S, we have i 0,S = lim
In such sense, we may think ofX 0 as the smooth part of the multiplicity 1 algebraic limit of the family {X t } when t → 0.
Let ψ t :X 0 → X t be the Hamiltonian-gradient flow (lifted toX 0 from X 0 \ Sing(X 0 )) with respect to the family X t ⊂ CP |∆|−1 under the Fubini-Study metric. Then ψ 0 =ẽ 0 . As discussed in [13] and the references therein, the Hamiltonian-gradient flow ψ t for a general family {X t , g t } with total space (X , g) satisfying g| Xt = g t is defined along radial direction I θ0 = {t = re iθ0 : 0 ≤ r < 1}, and is completely determined by the restriction {X t , g t } t∈I θ 0 . The fact that we will need of the flow is that locally near any compact set F ∈ X 0 \ Sing(X 0 ), the flow {ψ t } t∈I θ 0 is a bounded smooth family of smooth diffeomorphisms.
The approximate metric g t on X t will converge to the complete metricg 0 onX 0 in the sense of Cheeger-Gromov: for any compact subset
topology on the space of Riemannian metrics as t goes to 0 for any k.
Proof: Without lost of generality, we may assume that F is a compact subset inX 0,S for fixed S ∈ Z top . Sinceẽ 0 (F ) is a compact subset in T S , there exists a constant C > 0 and a choice of small neighborhood
And it is straightforward to see that
in X t ∩ U S . By propositions 2.1 and 2.3, we have that g t is C ∞ -quasi-isometric toĝ t in X t ∩ U S , uniform with respect to t. It is also straightforward to see that
are equivalent to each other for different t. Hence ψ * tĝt are C ∞ -quasi-isometric to each other for different t. Consequently, ψ * t g t are C ∞ -quasi-isometric to each other uniformly for different t. It is straightforward to see that lim t→0 ψ * t g t =g 0 on F as tensors under C 0 -topology. By proposition 2.5, we have ψ * t g t converge tog 0 on F in C k -topology on the space of Riemannian metrics as t goes to 0 for any k.
Construction and degeneration of the Kähler-Einstein metrics
In [17] , using the Monge-Ampère estimate of Aubin and Yau, Tian essentially proved the following theorem when X t are compact. The case that X t are complete can be proved in exactly the same way if one use the Cheng-Yau's Monge-Ampère estimate for complete manifold instead ( [4] ). 
Proof: The uniform C 0 -estimate of the complex Monge-Ampère equations implies that 
Toroidal degeneration
Although the degenerations discussed in this paper are examples of toroidal degenerations, due to the special structure of our situation, we are able to construct the degeneration family of Kähler-Einstein metrics directly without incuring the general theory of toroidal degeneration. Therefore, the discussion in this section is not absolutely necessary for other sections of this paper, but will serve to reveal the underlying algebraic degeneration structure.
As one may observe, degenerations discussed in our paper are somewhat more general than usual algebraic degenerations. In algebraic geometry, degenerations are usually over a disc D = {|t| < 1} ⊂ C with the central fibre X 0 over t = 0 being the singular fibre. In our situation, since w is not necessaryly rational, there are multi-fibres X t over each t = 0, while there is only one singular fibre X 0 over t = 0. We will call such degeneration R-degeneration. To avoid multi-fibres, we may consider the restriction of the degeneration to a ray I θ0 = {t = re iθ0 : 0 ≤ r < 1} for a fixed angle θ 0 or a fan-like region
Recall that M is an integral lattice, and N = M ∨ . Consider w = {w m } m∈Σ ′′ (1) , where Σ ′′ (1) is a finite subset of primitive elements in M whose real convex span is M R , and w is convex at the origin (in another word, w can be adjusted by a linear function on M such that w m > 0 for m ∈ Σ ′′ (1)). Then there exists the maximal piecewise linear function p on M satisfying p(m) ≤ w m for m ∈ Σ ′′ (1). Let Σ ′ (1) be the subset of Σ ′′ (1) such that p(m) = w m , and Σ(1) be the subset of Σ ′ (1) such that p is not linear near m for m ∈ Σ ′ (1). p determines a complete fan Σ on M with Σ(1) identified with the set of 1-dimensional cones in Σ. We will assume w to be generic, then Σ will be a simplicial fan. w is called convex (or strictly convex) if Σ ′′ (1) = Σ ′ (1) (or Σ ′′ (1) = Σ (1)). In particular, w ′ = w| Σ ′ (1) is convex and w ′′ = w| Σ (1) is strictly convex.
Two toric degenerations with the same w ′′ = w| Σ(1) are said to be birational to each other. Two toric degenerations with the same X 0 are said to be equivalent to each other. In the birational class of toric degenerations determined by w ′′ = w| Σ(1) , there is a minimal equivalent class determined by toric degeneration satisfying w ′′ = w, there is also a maximal equavalent class determined by toric degenerations satisfying Span Z (Σ ′ (1) ∩ σ) = Span Z (σ) for all σ ∈ Σ. General toric degenerations degenerate X t to different components of X 0 with possibly different multiplicities, while the maximal toric degeneration is simple, namely, it degenerate X t to X 0 with multiplicity 1.
A degeneration {X t } is called toroidal if it is locally a toric degeneration times a smooth manifold. Lemma 6.1 {X t } and {Y t } defined in section 2 are toroidal degenerations at t = 0. Proof: Since the hypersurface H intersects each smooth strata of Y 0 transversely, we only need to verify the lemma for {Y t }.
For S ∈ Z, w defined in the beginning of section 3 can be adjusted by affine function on M so that w m = 0 for m ∈ S and w m > 0 for m ∈ ∆\S. Let F be a compact subset in T S . Then for x ∈ Y t near F , we have
Then locally near F , we have the
′′ t is naturally a toric degeneration and {Y t } near F is a toric degeneration family times π −1 (F ), where π : (N S ) C * → T S is a finite cover.
The minimal Lagrangian vanishing torus
In [14] , we constructed minimal Lagrangian vanishing torus for toroidal degeneration family of Kähler-Einstein manifolds discussed in [12] near maximal degeneracy points. In this section, we will apply results in [14] to construct minimal Lagrangian vanishing torus in (X t , g KE t ) near maximal degeneracy points in X 0 . The maximal degeneracy points in X 0 are 0-dimensional stratas in X 0 . They are the intersections of 1-dimensional stratas in Y 0 and H. 1-dimensional stratas in Y 0 correspond to 1-simpleces in Z. Let S 1 ∈ Z be a 1-simplex. Let M = M/Span(S 1 ), with the projection π : M →M . We will useΣ(1) ⊂M to denote the image of ∆ S1 = S1⊂S∈Z (S \ S 1 ) ⊂ M intoM . LetẐ denote the set of simpleces π(S \ S 1 ) inM for S ∈ Z satisfying S 1 ⊂ S.
There is the natual moment map
, define a family of toric Kähler metrics g tor t with Kähler potential ρ τ = logĥ t , where τ = − log |t|,
Let O be a maximal degeneracy point in X 0 . Then locally near O, X t can be identified with F −1 (∆ τ ). More precisely, we will use the coordinate {z k = s m k /s m0 } l k=2 with respect to a fixed S 0 = {m 0 , m 1 ,Ŝ 0 } ∈ Z top as toric coordinate for the identification, whereŜ 0 ∈Ẑ top .
Proof: For x ∈ ∆ τ −µ , Let S x denote the simplex chosen in lemma 3.2. Then S x = {m 0 , m 1 ,Ŝ x }, whereŜ x ∈Ẑ top . Let z,ẑ be the coordinates for X t , F −1 (∆ τ ) corresponding to S x ,Ŝ x . (These coordinates may be different from the coordinates used to identify X t and F −1 (∆ τ ), since S x may be different from the fixed S 0 .) The coordinate transformation is generally,ẑ j = z j (−z 1 ) x ∈ ∆ τ −µ implies thatâ mj ≥ µ and |ẑ j | ≤ e −µ for 2 ≤ j ≤ l. Consequently, when µ is large and t is small, we have det(b Proof: We will take g tor t as the toric metric defined earlier on F −1 (∆ τ ). As discussed earlier in this section, X t near O can be identified with F −1 (∆ τ ). We will take g KE t to be the restriction to F −1 (∆ τ ) of the Kähler-Einstein metric on X t . Lemma 7.1 implies that g tor t is C ∞ -quasi-isometric to g t on F −1 (∆ τ −µ ). Theorem 5.3 implies that g t is C ∞ -quasi-isometric to g KE t . Consequently, g tor t is C ∞ -quasi-isometric to g KE t by proposition 2.4. From the definition of ρ τ , it is easy to observe that ρ τ (x) = ρ 1 (x/τ ) − 2(l + 1) log τ and lim c→1 ρ 1 | ∂∆c = +∞, apply theorem 7.1, we get the desired result.
